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Abstract
The minimum leaf number ml(G) of a connected graph G is defined as the
minimum number of leaves of the spanning trees of G. We present new results
concerning the minimum leaf number of cubic graphs: we show that if G is a
connected cubic graph of order n, then ml(G) ≤ n6 +
1
3 , improving on the best
known result in [29] and proving the conjecture in [37]. We further prove that if
G is also 2-connected, then ml(G) ≤ n6.53 , improving on the best known bound
in [5]. We also present new conjectures concerning the minimum leaf number
of several types of cubic graphs and examples showing that the bounds of the
conjectures are best possible.
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1. Preliminaries
All graphs considered in this paper are finite, simple, and connected, unless
stated otherwise. For a graph G, V (G) and E(G) denotes the set of vertices and
the set of edges of G, respectively. The subgraph of G induced by the vertex
set X ⊆ V (G) is denoted by G[X ]. A graph is said to be traceable if it has a
hamiltonian path.
Definition 1.1. The minimum leaf number of a connected graph G, denoted by
ml(G) is the minimum number of leaves of the spanning trees of G.
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Definition 1.2. The path covering number of a graph G, denoted by µ(G) is
the minimum number of vertex disjoint paths that cover the vertices of G.
Claim 1.3. µ(G) + 1 ≤ ml(G) ≤ 2µ(G).
Proof. If G has a spanning tree with k ≥ 3 leaves, then we can disjointly cover
the vertices of G by a path and a tree with k − 1 leaves, from which the first
inequality immediately follows by induction. Indeed, let T be the spanning tree
with k leaves, a be one of the leaves, b that branch (that is, vertex of degree 3)
of T , which is the closest to a in T , and finally b′ be the neighbour of b along
the unique ba path in T . Then if we delete the vertices of the ab′ path from T ,
we obtain a tree with k − 1 leaves (since b is a branch). The second inequality
is even easier to prove: G has a path cover S consisting of µ(G) paths. S is a
forest, where the number of vertices of degree at most 1 (note that some paths
of S might be isolated vertices) is at most 2µ(G). By extending the forest S
to a spanning tree arbitrarily, we obtain a spanning tree with at most 2µ(G)
leaves.
Both inequalities of Claim 1.3 are tight, even for 2-connected cubic graphs,
as we shall see later. In Section 4 we shall also see that for 2-connected cubic
graphs on n vertices ml(G) = 2µ(G) is possible only if µ(G) ≤ n18 .
2. Introduction
Hamiltonian properties of cubic planar graphs have been studied extensively
due to Tait’s attempt to prove the four color conjecture based on the conjecture
that all 3-connected cubic planar graphs are hamiltonian. Tait’s conjecture
was disproved by Tutte [31] in 1946, his counterexample is of order 46; the
smallest counterexample (of order 38) was found in 1966 by Barnette, Bosa´k, and
Lederberg, independently [4, 20], see also [14]. In 1986, Holton and McKay [15]
proved that there exists no non-hamiltonian 3-connected cubic planar graph on
fewer than 38 vertices. In the late sixties Barnette conjectured two weakened
versions of Tait’s conjecture, of which the more famous one stating that all 3-
connected bipartite planar cubic graphs are hamiltonian [2] is still open. The
other one (conjectured also by Goodey [12]) stating that all 3-connected cubic
plane graphs with faces of size at most 6 are hamiltonian has been proved
recently by Kardosˇ [17]. In 1982, Asano, Exoo, Harary, and Saito [1] showed
that the (unique) smallest 2-connected cubic bipartite planar non-hamiltonian
graph has order 26.
Hamiltonian properties of cubic, but not necessarily planar graphs have also
been investigated, though not so extensively. In 1971 Tutte conjectured that all
3-connected bipartite cubic graphs are hamiltonian, which is a (much) stronger
version of the still open Barnette-conjecture. Actually, Tutte conjectured even
more: that the hamiltonian cycles of such a graph G span the cycle space of
the graph (and could prove that the 2-factors indeed span the cycle space) [32].
This conjecture was disproved by Horton (see [3, p. 240.]).
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Exoo and Harary (continuing the work in [1]) described the smallest exam-
ples of several non-hamiltonian graphs and multigraphs [11], both in the planar
and the nonplanar case.
The most natural optimization type generalizations of hamiltonicity and
traceability are the path covering number and the minimum leaf number. The
path covering number of cubic graphs is studied in the famous paper of Reed [28],
who showed that if G is a connected cubic graph of order n, then µ(G) ≤
⌈n9 ⌉ [28]. Reed also conjectured that for 2-connected cubic graphs µ(G) ≤
n
10 .
This has been recently confirmed by Yu [35]. It is worth mentioning that for
not necessarily connected graphs the bound is much weaker: Magnant and
Martin [23] conjectured that for k-regular, not necessarily connected graphs G,
µ(G) ≤ n
k+1 and proved the conjecture for k ≤ 5 (while by Dirac’s well-known
theorem [10] it is also true for k ≥ n−12 ).
Somewhat less is known about the minimum leaf number. Zoeram and
Yaqubi [37] conjectured in 2017 that if G is a cubic graph of order n, then
ml(G) ≤ n6 +
1
3 , and gave an example that this bound (if true) is sharp. Actually
this conjecture was almost proved in a much earlier paper of Salamon and
Wiener [29], who showed that a refined version of depth first search finds a
spanning tree of a connected cubic graph with at most n6 +
4
3 leaves. In Section 3
we improve this result and thereby prove the Zoeram-Yaqubi conjecture. The
example given by Zoeram and Yaqubi has connectivity 1, so better bounds can
still be possible for graphs with a higher connectivity.
Boyd, Sitters, van der Ster, and Stougie [5] – based on a result of Mo¨mke
and Svensson [26] – showed that if G is a 2-connected cubic multigraph of order
n, then ml(G) ≤ n6 +
2
3 . (For cubic multigraphs, without the 2-connectivity
only ml(G) ≤ n4 +
1
2 is true. The proof – based on the fact that the leaves of an
optimum spanning tree must form an independent set – is straightforward, and
examples showing that the bound is tight are easy to find).
Finally let us mention some results concerning spanning trees with a high
number of leaves: Storer [30] showed in 1981 that all cubic graphs of order n
have a spanning tree with at least n4 + 2 leaves (the bound is tight). Griggs,
Kleitman, and Shastri [13] proved that all 3-connected cubic graphs of order
n have a spanning tree with at least n3 +
4
3 leaves (this bound is also tight)
and they gave a rigorous proof of Storer’s theorem. Kleitman and West [18]
generalized Storer’s result to graphs with minimum degree 3.
3. Results and conjectures
3.1. General case
The main result of the paper is the following.
Theorem 3.1. If G is a 2-connnected cubic graph of order n then ml(G) ≤
13
85n ≈
n
6.538 .
As a consequence of Theorem 3.1 we also prove the conjecture of Zoeram
and Yaqubi [37], that is
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Figure 1: An operation to construct a non-traceable 2-connected cubic graph from a cycle.
Theorem 3.2. If G is a connected cubic graph of order n then ml(G) ≤ n6 +
1
3 .
The proofs of these results can be found in the next section. In what follows
we formulate some conjectures concerning the minimum leaf number of certain
classes of cubic graphs. We also show that these conjectures (if true) are best
possible.
Conjecture 3.1. If G is a 2-connnected cubic graph of order n then ml(G) ≤
⌈ n10⌉.
This conjecture might seem far-fetched, given that Reed [28] claims that
there exist 2-connnected cubic graphs G with µ(G) ≥ ⌈ n10⌉ and by Claim 1.3
ml(G) ≥ µ(G) + 1 always holds. However, Reed’s example only gives graphs
with µ(G) ≥ ⌈ n20⌉, as pointed out by Yu [35]. Yu also gives 2-connnected cubic
graphs G with µ(G) ≥ ⌈ n14⌉ in Theorem 1.2 of [35] and this is the best known
bound to date (later we prove that Yu’s graphs have path covering number
exactly n14 ).
In order to prove that Conjecture 3.1 is sharp, let G be the graph obtained
from a cycle of length k by substituting all vertices of the cycle by an edge-
deleted Petersen graph P ′ (that is, P ′ is a graph obtained from the Petersen
graph by deleting an edge), such that the edges of the cycle are connected to
the vertices that are incident with the deleted edge of the respective copy of P ′
(see Figure 1). G is easily seen to be cubic and of connectivity 2. Let T be an
arbitrary spanning tree of G, X be the vertex set of one of the copies of P ′ and
a, b ∈ X the degree 2 vertices of G[X ]. We claim that T [X ] has a vertex v of
degree 1, such that v 6= a, v 6= b. This clearly implies ml(G) ≥ ⌈ |V (G)|10 ⌉, since v
has the same degree in T and T [X ], hence there must be k vertices of degree 1
in T , while the order of G is 10k. The proof of the claim is not difficult: T [X ] is
either a tree or a forest with two components, such that a and b are in different
components. If T [X ] is a path, one of the endvertices must be different from
a and b, otherwise there would be a hamiltonian cycle in the Petersen graph.
If T [X ] is a tree, but not a path, then the claim is obvious. Finally, if T [X ]
consists of two trees, at least one of these trees must contain a leaf different
from a and b (since a and b are in different trees and at least one of the trees
must contain at least one edge).
Remark 3.2. It is not difficult to verify that for the graphs G constructed above
we have µ(G) = n20 , thus the bound ml(G) ≤ 2µ(G) of Claim 1.3 is sharp, even
for 2-connected cubic graphs.
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Remark 3.3. It is worth mentioning that the ceiling sign in the conjecture is
needed, since there exist non-traceable 2-connected (moreover, also 3-connected
or 2-connected and planar) cubic graphs of order 28, as we shall see later.
Conjecture 3.4. If G is a 3-connected cubic graph of order n then ml(G) ≤
⌈ n16 +
1
2⌉.
To verify that this conjecture is also sharp, let us consider the 3-connected
graphs Gk appearing in the papers [33, 34]. For the sake of completeness we
describe these graphs here. First we need the following definitions.
Definition 3.5. A pair of vertices (a, b) of a graph G is said to be good if
there exists a hamiltonian path of G between them. A pair of pairs of vertices
of G ((a, b), (c, d)) is said to be good if there exists a spanning subgraph of G
consisting of two vertex-disjoint paths, one between a and b and another one
between c and d.
Definition 3.6. (Hsu, Lin [16]) The quintuple (H, a, b, c, d) is a J-cell if H is
a graph and a, b, c, d ∈ V (H), such that
1. The pairs (a, d), (b, c) are good in H.
2. None of the pairs (a, b), (c, d), (a, c), (b, d), ((a, b), (c, d)), ((a, c), (b, d))
are good in H.
3. For each v ∈ V (H) there is a good pair in H−v among (a, b), (c, d), (a, c),
(b, d), ((a, b), (c, d)), ((a, c), (b, d)).
It is known that all J-cells can be obtained by deleting two adjacent vertices
of degree 3 of some hypohamiltonian graph [34], thus the smallest J-cell is
obtained from the Petersen graph by deleting two adjacent vertices, see Figure 2.
c
a
b
d
Figure 2: The smallest J-cell (obtained from the Petersen graph)
Now let Fi = (Hi, ai, bi, ci, di) be J-cells for i = 1, 2, . . . , k. and let us define
the graphs Gk as follows. Gk consists of vertex-disjoint copies of the graphs
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F1
d1
a1
c1
b1
F2
d2
a2
c2
b2
F3
d3
a3
c3
b3
Fk
dk
ak
ck
bk
Figure 3: Construction of the graphs Gk
Figure 4: An operation to construct a non-traceable 3-connected cubic graph from an arbitrary
3-connected cubic graph.
H1, H2, . . . , Hk, the edges (bi, ai+1), (ci, di+1) for all i = 1, 2, . . . k − 1, and the
edges (bk, a1), (ck, d1). Figure 3 shows the construction of Gk.
It is proved in [33, 34] that ml(G2k+1) = k+1. Therefore, if the J-cells used
in the construction are the 8-vertex J-cells obtained from the Petersen graph,
then G2k+1 is cubic and its order is n = 16k + 8 for any k ≥ 2, showing that
ml(G2k+1) = ⌈
n
16 +
1
2⌉, indeed.
We describe another sequence of graphs G, for which we have the somewhat
weaker lower bound ml(G) ≥ n18 +
13
9 . The reason is that for small values of
ml(G) (at most 8) this gives graphs with a smaller order than the previous
construction. Let us consider a 3-connected cubic graph H and put a copy P ∗
of a vertex-deleted Petersen graph into some of the vertices (see Figure 4) to
obtain the 3-connected graph G. Since in all copies P ∗ there must be either
a cubic vertex or a leaf of any spanning tree (again by the non-hamiltonicity
of the Petersen graph), by introducing 2k + 1 copies of P ∗, we obtain at least
k + 2 leaves in any spanning tree. If H has order 2k + 2, the graph G has
9(2k + 1) + 1 = 18k + 10 vertices, thus ml(G) ≥ n18 +
13
9 indeed. It is worth
mentioning that actually ml(G) = n18 +
13
9 , by a theorem in [27].
Claim 3.7. The unique smallest non-traceable (that is, ml(G) ≥ 3) 3-connected
cubic graph has order 28 and is given by the above construction, for k = 1 and
H = K4.
Proof. We have seen that the graph obtained by the above construction with
k = 1 andH = K4 has no spanning tree with fewer than 3 leaves and it obviously
has order 28.
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Figure 5: The nine non-traceable cubic graphs on 28 vertices with connectivity 2.
We implemented two independent programs to test if a given graph is trace-
able. We then used the generator for cubic graphs called snarkhunter [7, 8] to
generate all 2-connected cubic graphs up to 32 vertices and tested the generated
graphs for traceability. The results of both traceability programs were in com-
plete agreement and showed that the smallest 2-connected non-traceable cubic
graphs have 28 vertices and that there is a unique 3-connected non-traceable
cubic graph on 28 vertices. The complete counts can be found in Table 1.
Order Connectivity 2 Connectivity 3 Total
0-26 0 0 0
28 9 1 10
30 122 9 131
32 1814 126 1940
Table 1: Counts of all 2-connected non-tracable cubic graphs up to 32 vertices. All of these
graphs have ml(G) = 3.
The nine non-traceable cubic graphs on 28 vertices with connectivity 2 are
shown in Figure 5 and the unique non-traceable cubic graph on 28 vertices with
connectivity 3 is shown in Figure 6. Finally, the nine non-traceable 3-connected
cubic graphs on 30 vertices are shown in Figure 7. The graphs from Table 1
up to 30 vertices can also be downloaded and inspected in the database of
interesting graphs from the House of Graphs [6] by searching for the keywords
“2-connected non-traceable”.
7
Figure 6: The unique non-traceable cubic graph on 28 vertices with connectivity 3.
Figure 7: The nine non-traceable 3-connected cubic graphs on 30 vertices.
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Figure 8: An operation to construct a non-traceable 2-connected planar cubic graph from an
arbitrary 2-connected cubic multigraph.
Claim 3.8. All 2-connected non-traceable cubic graphs G on up to 32 vertices
have ml(G) = 3, so the smallest 2-connected cubic graphs G with ml(G) > 3
have at least 34 vertices.
Proof. We implemented the Mayeda-Seshu algorithm [25] to compute all span-
ning trees and from this determined the minimum leaf number of all 2-connected
non-traceable cubic graphs on up to 32 vertices and all graphs had at least one
spanning tree with exactly three leaves.
As an immediate corollary we get the following.
Corollary 3.9. Conjecture 3.1 and Conjecture 3.4 are true for graphs on up to
32 vertices.
Remark 3.10. It is worth mentioning that the smallest member of the first
sequence of 3-connected cubic graphs (showing that Conjecture 3.4 is sharp) has
order 40. However, the ceiling sign makes the conjecture still plausible.
3.2. Planar case
Now we turn our attention to the planar case. The Zoeram-Yaqubi example
is planar, so for not necessarily 2-connected planar graphs one has the same
results as for the general case.
Conjecture 3.11. If G is a 2-connected planar cubic graph of order n then
ml(G) ≤ n14 + 1.
Let H be an arbitrary 2-connected cubic planar multigraph of order k and
let us replace every edge of H by an edge-deleted K4 (we delete the edges and
connect their endvertices to the degree 2 vertices of the respective copy of the
edge-deleted K4, see Figure 8). Let us call the graph obtained in this way G. It
is obvious that G is 2-connected, cubic and its order is n = 7k. Yu [35] showed
that µ(G) ≥ n14 (actually he proved it for the case when H is a simple graph,
but the proof also works for multigraphs). First we give a short proof of this
result: by deleting those k vertices of G that also appear in H , we obtain 32k
components, thus G cannot be covered by less than 32k − k =
k
2 =
n
14 paths.
This immediately implies ml(G) ≤ n14 + 1 (by Claim 1.3). In order to provide
some support for Conjecture 3.11, we also prove that regardless of the starting
graph H , we have ml(G) = n14 +1, from which µ(G) =
n
14 also follows (again, by
Claim 1.3). Therefore these graphs G show that the bound µ(G) + 1 ≤ ml(G)
of Claim 1.3 is sharp even for 2-connected cubic graphs.
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Claim 3.12. If G is a graph obtained by the construction above, then ml(G) =
n
14 + 1.
Proof. We have seen that ml(G) ≥ n14 + 1, thus it suffices to show that G has
a spanning tree with n14 + 1 =
k
2 + 1 leaves. By Petersen’s well-known theorem
there exists a perfect matching in H (since it is 2-connected and cubic), thus
there also exists a 2-factor F , which consists of (say) m cycles. Since the edge-
deleted K4’s have a hamiltonian path between the degree 2 vertices, any cycle C
of the 2-factor F of H naturally determines a cycle C′ in G which goes through
all vertices of (G corresponding to) C and all vertices of the copies of the edge-
deleted K4’s substituting the edges of C. This gives a set of m cycles F
′ in G
covering 5k vertices.
Let us now cover the rest of the vertices (those vertices of G that belong
to the edges of the perfect matching of H) by k2 paths (this is again possible
because there is a hamiltonian path in the edge-deleted K4 between the degree
2 vertices). Some of these paths can be joined to the cycles of F ′, more precisely
to each cycle of H in F we can assign an edge of the perfect matching of H ,
such that every edge is assigned to at most one cycle and every assigned edge
connects two cycles of F ′. The reason is that if we contract the cycles, we obtain
a 2-connected graph (more precisely, 2-connected, if it has at least 3 vertices, but
always 2-edge-connected), and we just have to orient the edges of the resulting
graph G′ (if there are any), such that all vertices have in-degree at least 1, which
is not difficult. We just have to delete an edge (the graph remains connected),
then execute a Breadth First Search from a vertex adjacent with the deleted
edge, and orient the edges from the root. The deleted edge is oriented towards
the root. If G′ has just one vertex (that is, F consists of one cycle), any edge
of the perfect matching is suitable.
In this way we obtained a cover of all vertices of G by a set S of m cycles
to which paths of 4 vertices are joined and a set of k2 −m paths of 4 vertices.
By deleting a suitable edge of each element of S we obtain a path cover of G
by m + (k2 − m) =
k
2 paths, such that all paths have an endvertex adjacent
to a vertex of another path (this latter property is obvious for the paths of 4
vertices and also easy to see for the longer paths becasue of the choice that the
assigned edge connects two cycles of F ′). This means that we can extend the
forest consisting of the paths to a spanning tree with at most k2 + 1 leaves, and
the result follows.
For 3-connected planar graphs the upper bound is probably much better,
since the smallest non-hamiltonian such graph is the Barnette-Bosa´k-Lederberg
graph of order 38 [4, 20]. For a lower bound we can use the construction given for
the 3-connected case (Conjecture 3.4), with a J-cell obtained from the Barnette-
Bosa´k-Lederberg graph instead of the Petersen graph. This gives a lower bound
of n72+
1
2 . We can also use the second construction for 3-connected graphs (again
with the Barnette-Bosa´k-Lederberg graph, with one vertex deleted), giving a
lower bound n74 +
55
37 , which is not better than ⌈
n
72 +
1
2⌉. (The small values are
better without the ceiling, up to 36 leaves.)
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Figure 9: Top: An operation to construct a non-traceable 2-connected bipartite cubic graph
from an arbitrary 2-connected bipartite cubic graph. Bottom: An operation to construct a
non-traceable 2-connected bipartite planar cubic graph from an arbitrary 2-connected bipartite
planar cubic graph.
Knorr [19] showed that all 3-connected cubic planar graphs on up to at least
52 vertices are traceable. The smallest non-traceable 3-connected cubic planar
graph known so far has 88 vertices and was constructed by Zamfirescu [36]. Us-
ing the generator plantri [9] and our program for testing if a graph is traceable,
we were able to show the following.
Claim 3.13. All 3-connected cubic planar graphs with girth 5 up to at least 74
vertices are traceable.
3.3. Bipartite case
Finally we deal with the bipartite case.
Conjecture 3.14. If G is a bipartite cubic graph of order n then ml(G) ≤ n20+1.
Conjecture 3.15. If G is a bipartite planar cubic graph of order n then ml(G) ≤
n
26 + 1.
The lower bound is based on the same construction as for 2-connected planar
graphs (cf. Conjecture 3.11), but here H is chosen to be a cubic bipartite graph
and instead of the edge-deleted K4 we use an edge-deleted K3,3 (see Figure 9).
Note that bipartite connected cubic graphs are also 2-connected. For planar
cubic bipartite (and hence 2-connected) graphs we can use the same construction
with an edge-deleted cube (see Figure 9), giving a lower bound of n26+1. Finally,
planar cubic 3-connected bipartite graphs may not be of much interest here,
since by the (still open) Barnette-conjecture these are all hamiltonian.
4. Proofs of the main results
In this section we prove Theorems 3.1 and 3.2, which we here restate:
11
Theorem 3.1. If G is a 2-connnected cubic graph of order n then ml(G) ≤
13
85n ≈
n
6.538 .
Theorem 3.2. If G is a connected cubic graph of order n then ml(G) ≤ n6 +
1
3 .
In order to prove Theorem 3.1 let us choose a minimal vertex disjoint path
(vdp) cover S of G. By the theorem of Yu [35], S has size at most n10 . A path
P is said to be long, if it contains at least 18 vertices, otherwise it is short. The
following lemma is about subgraphs of G induced by the vertex set of a short
path.
Lemma 4.1. Let G be a traceable graph of order at most 17 where all vertices
have degree 2 or 3. Suppose that the number of degree 2 vertices is at least 2
and for every cut vertex v of G, each component of G − v contains a degree 2
vertex in G. Then there exists a hamiltonian path of G starting at one of the
degree 2 vertices.
Proof. We implemented two independent programs which test if a given graph
has the properties from the lemma. We then used the generator geng [21, 22] to
generate all graphs with minimum degree 2 and maximum degree at most 3 up
to 17 vertices. Using our two independent programs we verified that among the
generated graphs all traceable graphs with at least two degree 2 vertices and
for which every cut vertex v of G, each component of G − v contains a degree
2 vertex, have a hamiltonian path starting at a degree 2 vertex and the results
of both programs were in complete agreement.
Note that this result is sharp in the sense that there are four graphs on
18 vertices which satisfy all the properties of the lemma above, but which do
not have a hamiltonian path starting at a degree 2 vertex (see Figure 10).
These four graphs can also be downloaded and inspected in the database of
interesting graphs from the House of Graphs [6] by searching for the keywords
“no hamiltonian path starting at a degree 2 vertex”.
We would like to extend the path cover S to a spanning tree by adding edges
between different components of S. If we do this arbitrarily then we obtain a
spanning tree in which the number of leaves is at most twice the number of the
paths in S, that is at most n5 , which is much worse than what we need. On the
other hand, we claim that by Lemma 4.1 a short path P (more precisely a path
P ′ on the vertex set of P ) can be joined to some other path at the endvertex of
P ′. In order to show this, let us consider the graph H = G[V (P )], that is the
subgraph of G spanned by the short path P . If any of the endvertices of the
path P has degree 1 or 2 in H , then P obviously can be joined to some other
path at an endvertex. If this is not the case, then let us observe that H fulfills
all conditions of Lemma 4.1. Indeed: H has vertices of degree 2 and 3 only and
the number of degree 2 vertices is at least 2, by the 2-connectivity of G. Finally,
for every cut vertex v of H , each component of H−v contains a degree 2 vertex,
otherwise v would be a cut-vertex of G, contradicting the 2-connectivity of G,
again. Thus by Lemma 4.1, H has a hamiltonian path P ′ starting at one of the
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Figure 10: The four traceable graphs of order 18 where all vertices have degree 2 or 3, and
for each cut all components contain at least one of the vertices of degree 2, but which have
no hamiltonian path starting at one of the vertices of degree 2.
13
degree 2 vertices t, hence P ′ can be joined to some other path of the vdp cover
at t.
If we can build a spanning tree, such that all short paths are joined this way,
we obtain a spanning tree with at most s + 2ℓ leaves, where s and ℓ are the
number of short and long paths, respectively.
First let us check that this would indeed give the desired bound. We know
that
s+ ℓ ≤
n
10
and s+ 18ℓ ≤ n,
where the second inequality is true because short paths contain at least 1, long
paths contain at least 18 vertices. Then
16
17
(s+ ℓ) ≤
16
17
·
n
10
and
1
17
(s+ 18ℓ) ≤
n
17
.
Taking the sum of these two inequalities we obtain
s+ 2ℓ ≤
16 + 10
17 · 10
n =
13
85
n.
Next let us observe that a spanning tree with s+ 2ℓ leaves is not so easy to
build. Though we may join the short paths to some other path at an endvertex,
there is no guarantee that after joining a short path P1 to another short path
P2, we still have the chance to also join P2 to some path different from P1. The
following lemma is used to handle this problem. The number of vertices of a
path P is denoted by |P |.
Lemma 4.2. Let S be a mimimal vdp cover of a graph G, such that
∑
P∈S |P |
2
is maximum. Let furthermore P,Q ∈ S, such that |P | ≤ |Q|. Then Q cannot be
joined to P at an endvertex of Q.
Proof. Let p = |P |, q = |Q|. If Q can be joined to P at an endvertex of Q we
easily obtain two paths Q′ and P ′ covering the same vertices as Q and P , such
that for some integer k ≥ 1 we have |Q′| = q + k and |P ′| = p− k. Then
|Q′|2 + |P ′|2 = q2 + p2 + 2k2 + 2k(q − p) > q2 + p2,
that is, by substituting P and Q in S by P ′ and Q′, we obtain a minimal vdp
cover contradicting the choice of S.
By the lemma, a short path can only be joined to a longer path, thus we
can obtain the desired spanning tree by choosing a minimal vdp cover S, such
that
∑
P∈S |P |
2 is maximum, then by joining the short paths one by one in
the increasing order of their lengths (and adding some arbitrary edges between
components when all the short paths are handled). Therefore the bound 1385n of
Theorem 3.1 can be achieved, indeed.
It is worth mentioning a consequence of the above proof.
Theorem 4.1. If G is 2-connected cubic graphs of order n then ml(G) = 2µ(G)
is possible only if µ(G) ≤ n18 .
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Proof. If G has a vdp cover containing at least one short path, then by the
above proof, clearly ml(G) < 2µ(G). Thus any vdp cover of G consists of only
long paths, from which µ(G) ≤ n18 follows.
Now we give a proof of Theorem 3.2. For this, we use the so-called Refined
Depth First Search (RDFS), defined in [29]. In that paper it is proved (in
Theorem 8) that RDFS finds a spanning tree with at least 56n−
4
3 non-leaves, that
is ml(G) ≤ n6 +
4
3 . Now we give a slightly improved analysis of RDFS showing
that it actually finds a spanning tree with at least 56n−
1
3 non-leaves, provided
we start the RDFS at a cut-vertex. Actually, in order to do this, we only have to
change the last paragraph of the proof of Theorem 8. of [29]. If the root r of the
RDFS-tree T is a cut-vertex, it has degree at least 2 in T , and therefore r can
only appear once in the multiset M = {c(l), c′(l), g(l), h(l) : l is a d-leaf of T}
and if r appears once, then it also has degree 2 in T . Moreover, d-leaves and
leaves of T are the same, since r has degree at least 2. Thus T has at least 4v1
distinct vertices of degree 2, where vi denotes the number of vertices of degree
i in T .
Now the desired bound easily follows for cubic graphs G of connectivity 1:
let us just start the RDFS at a cut-vertex, then for the RDFS-tree T obtained
n = v1 + v2 + v3 ≥ v1 + 4v1 + (v1 − 2) = 6v1 − 2, that is T has at most
n
6 +
1
3
leaves. If G has connectivity at least 2, then by Theorem 3.1 G has a spanning
tree with at most 1385n leaves, and the proof of Theorem 3.2 is now complete.
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